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Abstract; Uniform design is a widely used space-filling approach for computer experiments, with its theo-
retical foundation rooted in the overall mean model and the Koksma-Hlawka inequality. The uniformity of
design points is typically measured by discrepancies,among which the centered L ,-discrepancy is the most
popular one. However, the centered L,-discrepancy suffers severely from the curse of dimensionality in
high-dimensional settings,leading to misleading evaluations of uniformity. To address this limitation, this
paper systematically studies the weighted symmetric centered discrepancy ( WSCD) . Introduced with
weight parameters under the reproducing kernel framework, WSCD can be decomposed into the weighted
sum of projection discrepancies of each sub-dimension. A method for selecting weight parameters is pro-
posed for the weighted symmetric centered discrepancy,which makes the contribution rate of sub-projec-
tion discrepancies within three dimensions account for more than 90% of the total discrepancy. Accordingly, the
discrepancy can effectively attach importance to the uniformity of low-dimensional projections in accord-
ance with the effect hierarchy principle. Numerical experiments adopting the Morris function as the true
model and the Gaussian process model as the prediction model show that the prediction mean square error
of the optimal design based on the weighted symmetric centered discrepancy with optimized weights is sig-
nificantly lower than that of the centered discrepancy and other commonly used discrepancies. This verifies
that the new criterion possesses superior properties in evaluating uniformity.
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improves the robustness of statistical surrogate
models under the condition of model uncertainty.

The key metric for evaluating uniform design
is discrepancy, which quantifies the deviation be-
tween theempirical distribution of design points
and the uniform distribution. Uniform design mini-
mizes the discrepancy of the design points. The moti-
vation for uniform design stems from the overall mean
model, which estimates an integration by the sam-
ple mean. The Koksma-Hlawka inequality """ is a
well-known result in numerical integration that
bounds the overall mean model estimation error by
the star discrepancy ' of the sampled points. This
inequality provides the theoretical foundation of u-
niform design.

A variety of discrepancy measures have been
introduced for uniform design. These measures dif-
fer in how they quantify the divergence between
the empirical and uniform distributions. Some of
the most commonly used discrepancy measures in-
clude the centeredL,-discrepancy (CD)", the
wrap-around L,-discrepancy (WD)""',and the mix-
ture discrepancy (MD)"" etc. Each discrepancy
measure is characterized by distinct properties as
well as disadvantages. For example, while the cen-
tered L,-discrepancy (CD) possesses desirable
properties such as invariance under coordinate rota-
tions,it suffers from the curse of dimensionality, mak-
ing it less sensitive to uniformity in high-dimensional
settings. To address this problem of CD, the mixture
discrepancy ( MD) was proposed achieving improved
robustness under high-dimensional settings. After
that, the weighted symmetrized centered discrepan-
cy (WSCD)is proposed™ based on a novel kernel
function derived by symmetrizing the reproducing
kernel of centered L,-discrepancy. Customized
weights are allocated to each dimension of the dis-
crepancy so that the criterion conforms to the
effect hierarchy principle’” . However, despite its
theoretical advantages, the practical application of

WSCD is hindered by the absence of optimized

weights that balance the importance of different
projection uniformity, necessitating further re-
search on adaptive or data-driven weighting strate-
gies.

Based on the theoretical framework of uniform
experimental design,this paper takes the weighted
symmetrized centered discrepancy (WSCD) as its
core subject. We first review the theoretical foun-
dations of uniform design, including the overall
mean model, Koksma-Hlawka inequality, main-
stream discrepancy measures such as star discrep-
ancy. centered L,-discrepancy, and reproducing
kernels in Section 1 and 2. In Section 3, we system-
atically investigate the properties of WSCD and
compare it with other discrepancies. Building on
this analysis, we propose a novel uniform design
method based on WSCD to improve its efficiency
on high-dimensional scenarios. In section 4, we val-
idate the proposed method through case studies
and numerical simulations. The conclusion is ad-

dressed in Section 5.

1.1 Overall Mean Model and Koksma-
Hlawka inequality

In the study of experimental design,a standard
practice is to take the experimental domain as thes-di-
mensional unit hypercube,i. e. ,¢*=[0,1]". Consid-
er placing a set of ndesign points, denoted by p=
{x,sx,,°*,x,),within this space. A central task is
to use these points to fit a statistical surrogate
model g (x) that serves as an approximation to the
true,unknown system responsef (x) .

Given the variety of available modeling tech-
niques, establishing a criterion to evaluate their
performance is crucial. A logically primary bench-
mark is the overall mean model. This model focu-
ses on estimating the expected value of the system

output,defined as
E(y) :J‘\f(l')dl‘ ,

by the arithmetic average of the observed out-
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puts at all design points P,

5(?):%21"(&). (D

i=1

To identify a suitable P, two main approaches
can be considered: stochastic approach and deter-
ministic approach. The former aims to determine a
design P such that the sample meany (P) serves as
an unbiased or asymptotically unbiased estimator
of E(y),while also minimizing the variance of the
estimation. The latter focuses on identifying a sam-
pling scheme that minimizes the difference as much
as possible. A fundamental stochastic approach is
the Monte Carlo method, which generates the de-
sign set P by drawing n independent and identically
distributed (i.1i. d. )samples from the uniform dis-
tribution Y (¢ ). The sample mean y (P)then serves
as an unbiased estimator for E(y),with a variance
of Var(f(x))/n,where the random vector x ~q
(¢’). The Central Limit Theorem establishes that

the estimation error

T
|¥(P)—E(y)|<1.96 /w

falls within a 95% confidence interval. Never-

theless, the characteristic convergence rate of O(1/

J/n) often results in an impractically high variance
for many applications. To address this limitation,

Y has been widely

Latin Hypercube Sampling
adopted as a variance reduction technique.

Latin Hypercube Sampling (LHS)" is an ef-
ficient statistical sampling method used to explore
multidimensional input spaces. It works by dividing
the space of each input variable into equal-length
intervals and randomly selecting one sample from
each interval. This ensures that the input space is uni-
formly covered and reduces clustering of points, which
is common in simple random sampling. LHS is par-
ticularly useful in high-dimensional problems, sen-
sitivity analysis, and uncertainty quantification, as
it provides better coverage with fewer samples. Let
yius be the arithmetic average computed from

Equation (1)from Latin Hypercube Samples P, . »

the variance of the estimate Var(y,,s) satisfies

Var(z(x))*%jw(%)'

By stratifying the sample points across all di-

Var(yLHS ) -

mensions,LHS improves the variance of the esti-
mation, making it ideal for complex models and op-
timization tasks.

Numerical integration in high-dimensional set-
tings remains a central challenge in computational
mathematics. While traditional Monte Carlo meth-
ods rely on random sampling and converge slowly,
quasi-Monte Carlo methods""* overcome this limi-
tation by using low-discrepancy point sets. The
Koksma-Hlawka inequality plays a foundational
role in QMC theory,rigorously linking the integra-
tion error to both the discrepancy of the sampling
set and the variation of the integrand, thereby pro-
viding a solid framework for error analysis.

Let f be a function of bounded variation over
the s-dimensional unit cube [0,1]. The Koksma-
Hlawka inequality states

iZf(x,) —Jf £(x)dx
n [o.,11*

i=1

< V(D (P,

(2)

where V (f) is the total variation of f and

D" (p) is the star discrepancy of the point set P.

This inequality bounds the overall mean model er-

ror by the product of the function’s variation and
the point set’s discrepancy.

The star discrepancy D* (p) quantifies the
uniformity of the point set P . Given a function f
with bounded total variation V(f) on a fixed do-
main (', the value of V () is constant. In situa-
tions where the Koksma-Hlawka inequality pro-
vides a tight bound, the integration error is prima-
rily controlled by the star discrepancy D~ (p) of
the point set PC¢*. A lower discrepancy implies
better coverage of the integration domain, leading

to more accurate QMC estimates.
1.2 Star Discrepancy

Star discrepancy'" is a fundamental measure
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of uniformity extensively used in uniform design
and quasi-Monte Carlo methods. It serves to quan-
tify the degree of deviation of a set of n points in
the s-dimensional unit cube ¢* from a perfectly uni-
form distribution.
Let(p={x,,x,,*»x,}) be a set of n design
points in the domain ¢* ,and let F (x) represent the
distribution function of the uniform distribution on
¢’- The empirical distribution function Fy (x) is

defined as™*"

1 n
Fy(x):;; My a0

where HFO,x] (x,;) is the indicator function,
which is 1 if x; lies within the region [0,x ]| and 0
otherwise.

The star discrepancyD " (P ) measures the
maximum difference between the uniform distribu-
tion function F (x) and the empirical distribution
function F,(x) over all points in ¢

D" (p)=sup__. |Fs(x)—Fx)|

A smaller value of D" (p) indicates a more
uniform distribution of points.

Based on the definition of star discrepancy,the
star L ,-discrepancy generalizes the classic star dis-
crepancy by incorporating the L, norm. The formal

definition of the star L ,-discrepancy is given as'"

D, <?>:<J\ | Fo(x)—F ) |7 dx)'” .

Obviously, the star discrepancy is the case
when p= oo, In this work, our discussion is con-
fined to the case of p=2,as the star L,-discrepancy
possesses an explicit analytical expression. Uniform
designs are such designs that optimize the space-fill-
ing property primarily using the star discrepancy

191 Subsequently s the

as the measure of uniformity
theoretical framework and applications of Uniform
Design were extensively developed and enriched.
The development of discrepancy measures has
evolved significantly alongside the growing adop-

tion of uniform design in the field of experimental

design. To overcome certain limitations of the star

discrepancy,several refined versions have been in-
troduced, including full star discrepancy (FD)''/,

)P wrap-around L,-

centered L ,-discrepancy (CD
discrepancy ( WD)/,

(MD)""", Notably, Hickernellell "' presented an

and mixture discrepancy

unified framework—the generalized L ,-discrepan-
cy, showing that these discrepancies can be ex-

pressed in the following general form

P. N Rx,)
per = > | [P NRGO|
WSz, € n
Wt
P 1/p
Vol(R(x“))‘ d,xu) (3)

where u is a nonempty dimension index set,
P, represents the projection of the point set P onto
the lower-dimensional sub-hypercube ¢*, x, de-
notes the projection of the point x into ¢*,R (x,)
defines the projection of a pre-defined local region
R (x) onto this subspace ¢*, the operator Vol(§)
calculates the volume of a region P and [P, R
(x,) | denotes the number of points in P, that R
(x,) contains.

This generalized-discrepancy comprehensively
accounts for projection uniformity across all possi-
ble subspaces. Crucially, the specific functional
form of the local region R (x) determines the type
of discrepancy. For instance, defining R (x) =1[0,
x ] yields the full star discrepancy,while other defi-
nitions lead to the CD, WD, MD.

1.3 Centered-Discrepancy

This section provides a detailed discussion of
the centered L,-discrepancy (CD). We first recall
its formal definition and summarize its desirable
properties, which have made it a popular uniformi-
ty measure in uniform design. Subsequently, we
examine a critical limitation of CD—the curse of
dimensionality—through both theoretical argu-
ments and numerical illustrations. This analysis
sets the stage for introducing the weighted symme-

trized centered discrepancy in the next section.
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1. 3.1 Definition and properties

Let [0,1] represent the unit cube in s-dimen-
sional space, and denote the set of vertices of this
unit cube by {0,1}*. For any point x €[ 0,1 ] ,de
fine a, € {0, 1}° as the vertex closest to
x. Specifically,a, = (a, »wwsa, ) is determined by
the rule

1
JO, if oél-jég,

a 3

x
J

{1 , if %<1‘_, <1,
for each coordinatej =1,+,s.
For any index set u & {1,2,+,s},let a, be
the vertex in the unit cube [0,1 ] that is closest to
x,. The hyperrectangle RS (x,) between a, and
is then defined as

RE(x,))=] (a, .x,),

where J (a, ,x,) is the hypercube containing

X

u

all points between a, and x,.More formally.
JCa, .x,)is defined as
Jla, »x )={ ) mina, .2, )<,
<max(ai” s, ) Vi€ul.

The centeredL ,-discrepancy is defined as the
discrepancy in Equation (3)with R(x,) =] (a, .
X, ).

Hickernell"™' derived a convenient computa-
tional formula for the centered L ,-discrepancy for
design P={x,,x,, . x,},where x; = (2, , ",
x)

cepy - (BY 2N ( L
CD(?)—(lZ) n2H1+2\x,, 0.5|

i=1 j=1

1 1 G T
?‘1'{/_0'5‘2>+72H
n

ik=1j—=1
1 1
(1+?\1,, —0.5]+ |24y —0.5]—

1 :
X ‘ Lij T Xy ‘

The centered L ,-discrepancy is a prominent
measure of design uniformity,due to its possession
of several key properties. These can be summarized

as follows ™7,

* Invariance Properties

C,: Permutation Invariance. CD is invariant
under any permutation of factors and/or runs,en-
suring its robustness to the labeling and ordering
of design components.

C, : Rotation/Reflection Invariance. The value
of CD remains unchanged under rotation or reflec-
tion of the coordinate system,guaranteeing consis-
tency regardless of the design’s spatial orientation.

* Theoretical & Geometric Properties

C, :Projection Uniformity. CD effectively quan-
tifies the uniformity of a design’s projections onto
lower-dimensional subspaces, which is critical for
assessing performance in factor screening.

C,: Geometric Interpretability. CD admits an
intuitive geometric interpretation as a measure of
how evenly points are distributed inside the unit
cube.

C.: Koksma-Hlawka Bound. CD satisfies the
Koksma-Hlawka inequality, providing a rigorous
theoretical link between the discrepancy measure
and the error bound for numerical integration.

* Computational Properties

C; :Ease of Computation. CD is computational-
ly efficient, facilitating its practical application in
evaluating and comparing large designs.

C; : Shift Sensitivity. The measure is sensitive
to perturbations in the location of points, making it
effective for detecting non-uniformities arising
from dimensional shifts.

In conclusion, the propertiesC,-C; collectively
establish CD as a versatile and reliable metric for
constructing uniform designs. It should be noted,
however,that CD inherently suffers the curse of di-
mensionality that jeopardize it reliability in ex-
tremely high-dimensional applications. For this
reason,we now turn to a detailed examination of
the curse of dimensionality and its implications for

uniform design.
1. 3.2 The Curse of Dimensionality

The curse of dimensionality is a well-known
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phenomenon in statistical analysis and computa-

U7 Tt describes how the behavior of

tional fields
various problems can significantly change as the di-
mensionality increases. For example, the centered
L,-discrepancy works well in low-dimensional spaces,
but its performance degrades in high-dimensional set-
tings. This section will explore how CD behaves under
increasing dimensionality. Recent theoretical work has
shown that the L ,-discrepancy for p > 1 suffers
from the curse of dimensionality "®', which aligns
limitations observed in

with  the practical

CD. Tractability properties of weighted discrepan-
cies have also been analyzed "'

Consider using the unit hypercube as the ex-
perimental domain, and selecting a set of experi-
mental points through Latin hypercube design.
Theoretically, points become more sparsely distrib-
uted as dimensionality increases. In practice, how-

ever, the contrast between pairwise distances di-

minishes. This phenomenon is due to the geometric

properties of high-dimensional spaces. The loss of
contrast in relative distances directly undermines
distance-based metrics, including measures of uni-
formity. The upcoming numerical investigation will
elucidate the curse of dimensionality on the per-
formance of CD.

Consider a ball of radius » in an s-dimensional

space. Its volume is given by

)
V‘\.(r):Lr“’,

re+n
2
where I' is the gamma function. A key insight
from this formula is that the volume scales with
r', meaning it concentrates exponentially towards
the outer shell as the dimension s increases. To il-
lustrate this dramatic concentration, Table 1 shows
the ratio »* of the volume of a ball of radius r =
0.9 to that of a unit ball (+=1)for various dimen-

sions s.

Table 1 Values of r* for different s
s 2 3 4 5 10 20 30 40 50
r' 0. 8100 0.7290 0. 6561 0. 5905 0. 3487 0.1216 0.0424 0.0148 0.0052

The data reveals that as the dimension rises to
50,a ball with 90% of the unit radius contains a
mere 0. 52% of the unit ball’s volume—over 99 %
of the volume is packed into the thin outer shell of
thickness 0. 1. This fundamental geometric proper-
ty directly undermines the effectiveness of CD as it
calculates the volumes inEquation (3).

A study empirically investigates the limita-
tions of CD in high dimensions"'*. Let {x,,***.x,}
be a set of n points in the unit hypercube [0,1]s
generated via midpoint Latin hypercube sam-

291 Define a contraction of this design to-

pling
wards the center m = (0.5, ++,0.5) of the hyper-
cube by
{y;m)=r(x;,—m)+m, j=1,,n},
where 0<r <{1 is a contraction factor. As r

decreases from 1 to 0,the point set y (r)={y, (r),

=, y, (r)} shrinks uniformly towards the cen-
ter. We find the best  that minimizes the CD value
of y(r) across different dimensions s and present
the result in Table 2.

Table 2 Optimal contraction factors r © for minimizing

CD across different dimensions

s 10 40 70 100

R’ 0.9744 0.6617 0. 4365 0.3226

The results are striking:as dimensionality in-
creases, the CD-minimizing design undergoes pro-
gressively more severe contraction. In a 100-dimen-
sional space,the most uniform set according to CD
is one shrunk to about 32% of the original
hypercube’s volume. This demonstrates that CD no
longer favors space-filling designs in high dimen-

sions. Instead, it misleadingly identifies a densely
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clustered, interior-focused point set as optimal. To
address this fundamental limitation of CD, there is
a compelling need to explore new discrepancy
measures that move beyond traditional frame-
works. The next chapter will delve into an explora-
tion of the reproducing kernel,a core mathematical
object that establish a versatile theoretical founda-

tion of discrepancies.

2 Reproducing Kernel

The Reproducing Kernel, a fundamental con-
cept in functional analysis, provides a powerful
framework for defining function spaces and has
found wide applications in machine learning and
statistical learning theory. Its utility extends prom-
inently to the study of discrepancies in uniform de-
sign and quasi-Monte Carlo methods and translates
the problem of assessing uniformity into calculat-
ing a norm of a function within a reproducing ker-
nel Hilbert space (RKHS), thereby enabling effi-
cient computation and analysis of discrepancies.

This chapter will first introduce the general
theory of RKHS and then detail the construction
and application of the reproducing kernel for dis-

crepancies.
2.1 Reproducing Kernel Hilbert Space

An RKHS is a Hilbert space 7{ of functions on
the domain ) . The key feature of RKHS is that
there exists a function §(x, * ) € 3¢, such that,for
all feqr.{f,35(x, »)>=f(x). The reproducing
kernel 5¢(x,y) is a symmetric, positive semi-defi-
nite function that satisfies the following condi-
tions™" ;

1. Symmetry: K (x,y) =K (y,x) for all .,y
cx.

2. Positive Semi-Definiteness: For any finite
set of points{x,,x,,**,x,} in X ,the kernel ma-
trix [g(x;»x;) ] is positive semi-definite, meaning

that for any non-zero vector v = (v, ==, v, ),

we have

Zv,v_, Kz, x;) =0.
isj

Let W be the space of real-valued functions on
x with the kernel function % (x,y) ,defined as fol-

lows
w— {F<x>=j J (2 )dF (2)dF (1) < oo
XJ X

(4)
The inner product of two arbitrary functions

F,G&€W is defined as

(F,Gw :J J Kz sy)dF(x)dG(y)
XJX

| is induced from [F|w» =

The norm
((F,F)u)"* for any function F €. Then, W is a
Hilbert space of real-valued functions on ).

The kernel 5¢(x,y) in RKHS plays a crucial
role in defining the geometry of the space. It meas-
ures the similarity between two points x and y,
and through the inner product in the RKHS, it al-
lows for the computation of distances, similarities,
and other properties that are central to the analysis
of functions in the space. The choice of kernel de-
termines the properties of the RKHS and the types
of functions it contains. For example:

(1) Linear Kernel: ¥ (x,y)=<{(x,y>. This cor-
responds to the standard Euclidean space and leads
to a linear space of functions.

(2) Gaussian Kernel: ¢ (x, y) = exp

2
(*%). This is one of the most widely used
kernels,leading to a space of smooth functions and
is particularly useful for problems involving non-
linear relationships.

(3)Polynomial Kernel: x(x,y)=(x * y+
¢)*. This kernel is commonly used for non-linear
regression and classification problems.

Reproducing kernel Hilbert spaces provide a
powerful and flexible framework for modeling
functions and measuring similarity in high-dimen-
sional spaces. In the context of discrepancy meas-

ures, RKHS allows for the definition of various



50

o [E B A B E R
Bulletin of Chinese Applied Mathematics

types of generalizedL ,-discrepancies, which will be

discussed next.
2.2 Kernel Function for Discrepancy

Let p={x,,x,,**,x,} be a set of n points
within the unit hypercube domain x = [0,
1]°. Using the tool of reproducing kernel Hilbert
space (RKHS) ,we can define the generalized L,-
discrepancy by a norm in the RKHS. Let F be the
uniform distribution function on Xx,and F, be the
empirical distribution function of the design P on
X - The generalized L,-discrepancy defined in
Equation (3) for measuring the uniformity of P

can be written as™

D(P30) = |F—Fyw

where 1 is defined in Equation (4) with some
reproducing kernel function g(x,y).

Expressing it in terms of the kernel function,
we can gain an integral expression of the discrepan-
cy.

D*(P,K) =(F —F,,F —Fy)y

:sz K(t,z2)d(F —F) @)

d(F —Fz)(z).

Expanding it,we have

DZ(?hJC)::J K (t.z)dedz —

[0.1]°

J , Kt,x,)dt +
.1

E]
%22 Kx, x,) 5

It is proved " that the kernel function % can

be expressed by
2 ?C,l(tu,z“)»

wu {1,205}

u/)/

K(tyz) =

where

?C“(t,”zl,):J[ g D1 (x D (2, )dx
0,17 “

and 1, ( + ) is the indicator function of set A
that is defined as
(1, ifrE€A,
hO={ i aa,

The kernel function 5 (¢, 2 ) takes different
R (x,) to compute the analytical expression of the
corresponding discrepancy, such as CD, WD, MD.
Typically, the experimental domain for the s fac-
tors is given as a Cartesian product of marginal do-
mains,i. e. , ) =X, X *=* X X, and the kernel func-

1 [4]

tion is assumed to be a separated kerne ,i. e,

:HK](tjaZj),

j€u

:]Cu (tu ’zu)

where J¢, denotes the one-dimensional kernel

for each marginal domain
"1
K (t;,z;) :J 1 () (D) 1g () (z)dx.
0
According to the binomial theorem,the kernel
function (t,z) can be transformed from a sum-
mation into a product form

Kt = [[[1+5, )],

j=1

Therefore,to derive the analytical formula for
the generalized L ,-discrepancy given a predefined
region R (x,),one can proceed by first computing
the one-dimensional kernel ¢, (¢;,2;) for each co-
ordinate and then substituting the results into
K (t,z) and Equation (5).

In summary,the RKHS offers an efficient and
scalable approach to computing discrepancies,
which is fundamental to applications in quasi-
Monte Carlo methods and uniform designs. More-
over, the RKHS representation of the generalized
L ,-discrepancy provides theoretical insights that
facilitate the modification of discrepancy measures
and help mitigate the curse of dimensionality.

The computational formula of the centered
L ,-discrepancy (CD)can be derived from this ker-
nel-based perspective. At the end of this chapter,
we give the analytic expressions for the wrap-
around L ,-discrepancy (WD) and mixture discrep-
ancy (MD), which are two widely used measures
for uniform designs and will be used later in this
paper. The wrap-around L ,-discrepancy can be

computed by
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WD? (P) = —(%)-‘ SIS

n o p=1j=1

3 2
<?* ‘11 Tk H‘ \x,», T ‘ ) .

The mixture discrepancy, which incorporates
both centered and wrap-around characteristics, has
a more complex expression"'”

‘ 19\ 2 KT
MDD (P) :(ﬁ) — =31

n

i=1 j=1

5 1 1 )
(E—z\li,.—oa\—ﬂl,,. 0.5/%)+
1 K7 /156
—ZZH<§—Z\1U—O 5]—

n i p=1j=1

1 3

I‘fu 0-5‘*2‘11‘/ I/JH_

1 )

?‘l‘”*x“‘ .

Building upon this kernel-based framework.,
the subsequent chapters will focus on a specific and
important discrepancy measure—the weighted
symmetrized centered discrepancy (WSCD)™'. We
will derive its reproducing kernel and explore its

theoretical properties and practical implications.

3 Weighted Symmetrized Centered

Discrepancy

The traditional centeredL ,-discrepancy (CD)
suffers severely from the curse of dimensionali-
ty. To overcome this fundamental limitation, this
chapter introduces and analyzes the weighted sym-
metrized centered discrepancy (WSCD)''. WSCD
directly addresses two key innovations over CD;
symmetrization to eliminate spatial bias, and
weighting to control the emphasis on projection
uniformity. Our exposition first details the con-
struction and fundamental properties of WSCD,
highlighting its ability to decompose into weighted
projection discrepancies. Subsequently,a direct nu-
merical comparison with CD is presented,providing

empirical validation of WSCD’s superior robustness

across dimensions.

3.1 Construction and Fundamental Properties

The symmetrized centered discrepancy (SCD)""

adopts a symmetrization region R (x) in the kernel
function. The core idea of symmetrization is to
evaluate a point together with its counterpart in
the complement of a region, thereby eliminating
discrepancy towards specific regions. To this end,
we first define the one-dimensional symmetrized

kernel function

"1
SK,(t,2) =J e (D 1k (2)dx +
0

1
J Lo, @1, ()dx, (6)

0

where R(x) is the region of CD with x €[0,1].
R (x) is the complement of R(x),i.e. ,R (x)=
[0,1]R (x).By evaluating the integrals in (6),
we obtain

SK,(t.x)=1—|t—=]|.

For the s-dimensional case, the symmetrized
kernel is constructed as the product of one-dimen-
sional symmetrized kernels across all dimensions

SK(t.z) = [[ (1485, (2, 02)]

7=1

=[Tc— 1|t —= D. <)

j=1

SCD possesses a constant cover volume de-
fined in"" , meaning it assesses all points in the unit
hypercube with equal weight. CD has a non-con-
stant cover volume, which may cause some points
to be more important to uniformity than the oth-
ers. The analytic expression of SCD are given by
subsiting Equation (7) to (5)

[SCD(P)]? = (%) — %Z 11 (% ey )

i=1 j—=1
1 &y
iz H(Z* ‘11/ T ‘)-
noje=1j=1
While SCD ensures spatial fairness, practical
design often prioritizes lower order factor and in-
teractions—a principle known as the effect hierar-
chy principle® . To incorporate the principle, a

weight parameter w € (0,1] is introduced into the
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symmetrized kernel, yielding the weighted symme-
trized centered discrepancy (WSCD). The reprodu-
cing kernel function of WSCD is given by

SK(tzs0) = [| (14w 8K, (1,020

j=1
:H(lﬁ—w(l* 2, —=; | )),
i=1

and the analytic expression of WSCD is

[WSCD) I = (1 +%w)'\ —%2 11

i=1 j=1

<1+w<%+f,-j *xi-) )Jr

1 n s
n—ZZH<1+w<1—

ik=1j=1
|2y =y ).

The most powerful feature of WSCD lies in its
interpretable structure. Its squared value can be de-
composed exactly into a weighted sum of squared
discrepancies over all possible projections. To elu-
cidate this decomposition, we first expand the ker-
nel function in terms of subsets. Noting that the
kernel is a product of factors for each coordinate

direction,we expand it using the binomial theorem

SK(tyzi;w) = 5 w ! ||S:K:1(Zf]-’2j)9
WS (1.2, 5} j€u
utJ

€))

where the summation runs over all subsets u

of {1,2,---,s} and | u| denotes the cardinality of u
(i. e. ,the dimension of the projection).

Substituting the expansion (8) of the kernel

function into Equation (5), we obtain a new dis-

crepancy based on the kernel Hje,“(l — |t —

J
z; |), which we denote by D (p ). Therefore, we
get the decomposition formula
w!"'DL@P). (D

[WSCDP P = )
WS {1,2, 5}

wrt D

This decomposition is pivotal. Weight parame-
terw acts as an attenuation factor controlling the
contribution of different projections. The term
w ! decays rapidly with |u|. WSCD is predomi-
nantly governed by the uniformity of low-dimen-

sional projections. When w = 1, WSCD is equiva-

lent to SCD, where all the projection orders con-
tribute equally.

When o <1, WSCD provides a continuous,
flexible framework for navigating the trade-off be-
tween emphasizing low-dimensional projection uni-
formity and achieving full-dimensional space-fill-
ing. This property will be the central focus of the
next chapter, where we explore how varying w
quantitatively shifts the dominance towards lower-

order projections.
3.2 Comparison with CD

To directly validate WSCD’s theoretical ad-
vantages against curse of dimensionality,we repli-
cate the dimensionality experiment from Section
1. 3. 2 with identical setup except for substituting
CD with WSCD with w=0. 5. The optimal contrac-
tion factors r* for WSCD across dimensions are

presented in Table 3.

Table 3 Optimal contraction factors r * for WSCD (w=0.5)

s 10 100 400 700 1000

r' 0.9968 0.9846 0.8213 0. 4562 0. 3167

Recall that for CD,r " fell to 0. 9744 at s =10
and plummeted to 0.3226 at s =100. In contrast,
WSCD maintains »* =1 up to s =100, showing vir-
tually no preference for contraction. This demon-
strates that the curse of dimensionality is signifi-
cantly mitigated under WSCD.

This superior robustness is a direct conse-
quence of the symmetrization step in WSCD’s con-
struction. By eliminating the non-constant cover
volume, WSCD does not possess CD’s intrinsic ge-
ometric incentive to push points towards the
center. Therefore, minimizing WSCD genuinely en-
courages space-filling configurations across a much
wider range of dimensions. The experiment con-
firms that WSCD successfully addresses the core
failure mode of CD,making it a substantially more
reliable uniformity measure for high-dimensional

applications.
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This chapter introduces the weighted symme-
trized centered discrepancy as a principled solution
to the curse of dimensionality affecting the tradi-
tional CD. By construction, WSCD offers a variable
factor, via the parameterw, to control the impor-
tance of different projection shown in formula (9).
Having established WSCD as a robust uniformity
measure, the following chapter will delve deeper
into the role of w,specifically investigating how to
leverage it to amplify the contribution of low-di-
mensional projections, which is crucial for many

high-dimensional problems.

4 Weight Selection and Applications
of WSCD

In this section, we investigate the selection of
the weight parameter w in WSCD to emphasize
low-dimensional projections. Then we explore the
behavior of WSCD under different weights through

theoretical analysis and numerical experiments.

4.1 Exploration of Weights

1", generalized L,-dis-

According to Hickernel
crepancies are defined as a sum of discrepancies of
design that projected to all possible subspace of de-
sign domain,as illustrated by Equation (3).

For an s-dimensional design,the total discrep-
ancy can be expressed as the sum of 2°-1 sub-
terms, where each sub-term corresponds to the dis-
crepancy (hereafter termed sub-discrepancy) calcu-
lated from the projection of the original design on-
to a specific subspace. This equation indicates that
generalized L ,-discrepancy indeed accounts for the
uniformity of the design and all its projections.
However, these sub-discrepancies are simply ag-
gregated without considering the varying scales
across different dimensions.

We can reorganize the expression of WSCD in
(9) by sorting its projections into groups defined by

dimension

[WSCD(?)]Z:Zw’ > D).

i=1 U= {1,2,
o | =i

For an experimental design in ans-dimensional
space,the number of projections onto an i-dimen-
sional subspace is given by the binomial coefficient
C!. Empirical studies reveal that the magnitudes of
sub-discrepancies differ significantly across subspaces
of varying dimensions. Specifically, sub-discrepancies
corresponding to lower-dimensional subspaces tend
to exhibit higher proportions of the total discrep-
ancy. This observation leads to a conjecture: for
WSCD, can we select appropriate weights such that
the sum of sub-discrepancies corresponding to
three-dimensional subspaces or lower dominates
the total discrepancy to align with the effect hierar-
chy principle?

Specifically,we aim for sub-discrepancies cor-
responding to three-dimensional subspaces or low-
er contribute to exceed 90% of the total WSCD.
Let’s begin by defining the average squared dis-

crepancy for i-dimensional projections

HEY
(S ) u;‘alu.f.;-i,.s}
i

where D}, (p ) is the sub-discrepancy for pro-

[

D:(P,),

jection onto subspace indexed by u. Using the defi-
nition above, WSCD can be expressed as
s

[WSCD(P) ] — Z( )wa?.

i=1 7

For WSCD, the scales for different dimension-

al sub-discrepancies can be roughly estimated by
w” swhere d is the dimension of the subspace .
The symmetrized construction of WSCD ensures a
constant cover volume " and thus yields sub-dis-
crepancies D, (p ) that are of comparable magni-
tude across different projection dimensions. Em-
pirical evidence also suggests that the average
squared discrepancies D? do not vary drastically
with 7. Hence, as a reasonable approximation for

theoretical analysis, we may set D? to a common

constant D?. Substituting this into the exact de-
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composition above leads to the simplified expres-

sion
2 2 . N : 2
[VVSCD(?)]“251)5}3(')w’::Da[(1+fw)»4,1}
i=1 ‘1

In this simplified model, the contribution ratio
of low-dimensional projections (one-, two-, and

three-dimensional ) to the total discrepancy is
()
i\ ]
v
s
)
1\ -
1

s s s\ .
ot [g)o ()
1 2 3

(14+w) —1

given by

Ti.2.3 —

;

We aim to select w such that r,,,;>=>0.9,

which leads to the inequality

swﬁL(S)wer(s)wg
2 3

=0. 9.
(1+w)—1 0-9 10y

By controlling the weight , we can adjust the
contribution proportion of different dimensional
projections to the total discrepancy. For designs of
dimensions s=1,2,3,the effect hierarchy principle
is automatically satisfied because the highest possi-
ble projection dimension is at most three. In these
low-dimensional settings, one may simply set w =
1, which reduces WSCD to SCD,without loss of in-
terpretability. The theoretical bound in Theorem 1
is therefore intended for s =>4, where controlling
higher-order projections becomes critical.

Theorem 4. 1. For s==4 and 0<<w<{1,if w satis-

fies

2.4
<s—1><s—2><s—3>> ’

then the inequality (10) holds under the first-

an

o=

order approximation where O(w') terms are neg-
lected.

Proof. We analyze the inequality (10) by ex-
panding the denominator using the binomial theo-

rem

<1+w>-’—1=sw+(;)w2+(;)ww(‘;)wiﬂ)(ws).

Let Azstr(S)wer(S)wg and B= (S)w'lJr
2 3 4
O(w®). Then,
A1 B s
A
. 1

where we used the expansion ——=1—x +

1+

xl— with x==—.

A

Now we compute the principal term of B/A

()

(“)w* +0(wh)
4

B
Z= = +0(wh).
A s\ . s s
sw—|—( )wur( )w3

2 3

Thl.lSv
N
A W 1
ATBLOGwH @ T0l.

Substituting into inequality (10)yields
s

1—%w3+o<w'l )=0. 9.

Neglecting the higher-order term O(w"') , we ob-

tain

Simplifying the right-hand side

0.1s 0.1s « 24
(s) CsG—DG—2)(G—3)

4

3
w’ <

B 2.4
CG—DG—2)G—3)"

Taking the cube root gives the desired bound

2.4 )1"3
(s—D(G—2)(s—3)

This completes the proof under the first-order ap-

0=

proximation where O(w*) terms are neglected.
Let U, (/') denote a balanced design with n

runs,s factors and [ levels,and let LHD (n,s) de-
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note a Latin hypercube design with n runs and s
factors. To verify the result, we construct a design
U,7(3") as follows: first, we generate a Latin hy-
percube design LHD (27, 13) with 27 levels per
factor using the R package lhs;then we collapse the
27 levels into three levels by mapping levels 1-9 to
1,10-18 to 2,and 19-27 to 3. The resulting design
is a balanced three-level design with 27 runs and 13

factors. Similarly, an Uy, (3*°) is obtained by col-

lapsing a LHD (81, 40) with 81 levels, mapping
levels 1-27, 28-54, and 55-81 to 1,2, 3 respective-
ly. From Theorem 4. 1,the appropriate w is a func-
tion of the dimension s.Considering subdesigns
that involve the first s =4 to 13 columns of U,
(3"), the corresponding weights w and the per-
centages contributed by sub-discrepancies of di-
mension three or lower are listed in Table 4 and

visualized in Figure 1.

Table 4 Values of @ and percentage for different s (Part 1)

S 4 5 6 7 8 9 10 11 12 13
w 0.736 0. 464 0. 341 0.271 0.225 0.192 0.168 0. 149 0.134 0.122
PERCENTAGE(%) 95.70 95. 00 94. 68 94. 34 94. 15 94. 02 93. 83 93.79 93.69 93. 65

From Figure 1,we can observe that with the w

96
055 | computed from Theorem 4.1, the corresponding
. percentage are all above 90% ,and these percenta-
g s ges gradually decrease as s increases. To investi-
éb 945 gate larger values of s,a higher-dimensional design
E ol is required. We investigate the design Uy, (3"°) sim-
gl 0168 | B 0122 ilarly. Consider subdesigns that involve the first
’ s=10,15,20,25,30,35 and 40 columns respective-
B 5 6 7 8 9 10 1l 12 13 ly. The experimental results are are listed in
s Table 5.
Fig. 1 Percentage as a function of s
(with corresponding @ values)
Table 5 Values of @ and percentage for different s (Part 2)
S 10 15 20 25 30 35 40
o 0.168 0.103 0.074 0.058 0.047 0. 040 0.035
PERCENTAGE(%) 94.52 94. 28 94. 21 94. 11 94. 20 94. 14 94. 00

The results in Table 5 indicate that for this
higher-dimensional design, the percentage are still
exceeding 90% . This experiment confirms the ra-
tionality of the result to some extent. It can be con-
cluded that,using the previously derived w ensures
that the sum of sub-discrepancies with dimension-
ality less than four accounts for over 90% of the
total WSCD.

We further investigate the influence of differ-

ent values of w on the contribution of sub-discrep-

ancies corresponding to three-dimensional or lower
for the design U,; (3"). The corresponding per-
centages of discrepancies are computed. The exper-
imental results are presented in the Figure 2. As
can be seen from the figure,as w increases,the con-
tribution of the sub-discrepancies exhibits a mono-
tonically decreasing trend. The value w = 0. 15 is
approximately the critical point at which the per-
centage reaches 90%. When w increases to 0. 4,the

contribution of the sub-discrepancies falls below
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50%. For w=1 (corresponding to the SCD criteri-
on), the percentage of WSCD attributable to the
projection onto three dimensions or less becomes
very small,accounting for less than 10% of the to-

tal discrepancy.

100
90
80 -
70 -
60 [
50
40
30 F
20
10 -

0 I

Percentage (%)

1

1 1 1 1 1 1 1 1
0 01 02 03 04 05 06 07 08 09 1

w value
Fig. 2 Influence of different @ values on the percentage

of discrepancy contributed

Remark 4.2 (Validation of the approximations
in Theorem 4.1 and 5,?) We examine the two ap-
proximations used in the derivation.

1. Effect of neglecting O(o*) terms. For dimen-
sions s =10,20,30,we numerically solve inequality
(10) via bisection to obtain the exact weight w .
and compare it with the approximate bound w e
given in Theorem 4. 1. The results are summarized
in Table 6. The approximate values are smaller
than the exact ones,but still satisfy the target ine-
quality;the practical validity of this bound will be
further supported by the numerical experiments

next section.

Table 6 Comparison of exact and approximate o values.

s W et @ pprox RelativeError( %)
10 0.217 0.168 22.6
20 0.092 0.074 19. 6
30 0. 058 0. 047 19.0

2. Constancy of average projection discrepan-
cies. The sub-discrepancy for a projection onto the
subset u can be derived explicitly as

i (2) IS T (L b, )

i=1 j€u

LS T a e, s .
n

ik=1jEu
Using the designs U,, (3%) and Uy, (3'), we
compute D’ for i =1,2,3 (and up to ¢ =13 for

U,,). The results are summarized in Table 7. For

U,; (3%), the computed B,Z values range from
0. 0417 (for i=13)to 0. 1161 (for i =3), with the
maximum approximately 2.8 times the mini-
mum. For Uy, (3"), due to the rapidly increasing
number of projection subsets in higher dimensions.,
we restrict the computation to i =1,2,3. 5,2 ranges
from 0. 0622 (for i =1)to 0. 0836 (for i =3),a var-
iation of less than a factor of 1.4. Although the
values exhibit a slight dependence on the projection
dimension, they remain within the same order of
magnitude across all tested dimensions. Conse-
quently, approximating Bf by a constant D! is a

reasonable simplification.

Table 7 B,z for i-dimensional projections.

i U,, (3" U, (3"
1 0.0782 0.0622
2 0.1102 0. 0833
3 0.1161 0.0836
4 0. 1090

5 0.0970 —

6 0.0843 —

7 0.0729

8 0.0635 -

9 0. 0562 —
10 0. 0507 —
11 0. 0466 —
12 0. 0437 —
13 0.0417 —

4.2 Numerical Experiments

Uniform designs under various discrepancy
criteria Ce. g. » CD, WD, MD, WSCD) are widely
used for experimental design in high-dimensional prob-
lems. To demonstrate the advantages of WSCD over

traditional discrepancies, this chapter will conduct a
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computer simulation experiment to investigate the
modeling performance of optimal designs obtained un-
der different discrepancy measures. Latin hyper-
cube sampling isemployed to generate initial de-
signs, which is a standard space-filling technique
for computer experiments'''' . We select Morris
function—a relatively high-dimensional function
with flexible number of significant factors, as the
underlying true model, whose mathematical defini-
tion and expression will be introduced below.
The Morris function is given by

ky
y(x):aza‘,‘—i—ﬁ 2 X

i=1 1<i<j<k,
,x)€E[0,1]s,and the

where x = (x,,x,, "

coefficients are defined as

e=/12—6,/0. 1(k, — 1) »

0.1
k—1"
The parameter k£, ,satisfying 2<<k, <m ,repre-

p=12

sents the number of significant variables. s = 25
and £, =5 are the parameters we used for the Mor-
ris model.

We randomly generated 100 Latin Hypercube
Samples(LHS) of size 81 X 25. Then calculate CD
for each of these 100 initial designs and find out the
design with the smallest CD value, thereby obtai-
ning the optimal design under the CD criterion. It
should be noted that the optimal designs are ob-
tained by selecting the best among 100 randomly
generated Latin hypercube designs, rather than
through iterative optimization algorithms (e. g. ,
simulated annealing or genetic algorithms) . This
screening approach provides a baseline compari-
son;further improvement could be achieved by em-
ploying dedicated optimization algorithms, which
we leave for future work.

Using the same methodology,we subsequently
find out the optimal designs under WD, MD, SCD,
and WSCD, with weights w respectively set to 0. 5,
0.25, 0.1, 0.058, 0.025, and 0.01. Totally, this

process yields 10 optimal designs. Substitute these

10 optimal designs into the Morris function sepa-
rately to compute their corresponding output val-
ues, resulting in 10 datasets. Then, we use these
datasets as the training set to fit ten Gaussian
Process models™

The Gaussian Process Model (also known as
the Kriging model)is a commonly used spatial in-
terpolation and non-parametric regression meth-
od. It assumes that the output response is a realiza-
tion of a Gaussian process and describes the corre-
lation between input points through a covariance
function (also called a kernel function). In this ex-
periment,we use the Gaussian process model to fit
the Morris function and compare the prediction ac-
curacy of models under different designs. The spe-
cific settings are as follows:

¢ Gaussian Process Model. We adopt the ordi-
nary Kriging model, which has the form

y(x)=pu+7Z(x),

where 4 is a constant mean,and Z(x) is a ze-

ro-mean Gaussian process with covariance function
Cov(Z(x.).Z(x;))=0c"R(x,;.x,;:0).

We choose the Gaussian correlation function

(squared exponential kernel)

R(x,.x,:0) =exp(— 29,(1,, —x,0%)

=1

where §=(0,,+++,0,,) are length-scale param-
eters. The model parameters (u,06°,0) are esti-
mated via maximum likelihood estimation (MLE)
using the R package DiceKriging with default opti-
mization settings.

Generate a random Latin Hypercube Sample
(LHS)of size 1000 X 25 as test set. These 1000 test
points are then evaluated with the Morris function
to obtain 1000 true output values. We employ the
ten constructed Kriging models to predict outputs
for the same test points,producing ten sets of pre-
dicted values. For each set, we compute the Mean
Squared Error (MSE) between the predicted and
true values. The results are summarized and dis-

played in Figure 3a and 3b.
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MSE vs.Discrepancy (k;=5)
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(a) Selected Discrepancy Types

MSE vs Weight (k,=5)
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(b) MSE vs. Weight for WSCD Variants
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Fig. 3 Comparison of average MSE values for different discrepancy types with k, =5. The values shown are

MSE obtained from the optimal designs under each criterion.

Figure 3 reveals that the centered L ,-discrep-
ancy produces the highest MSE when employed as
the uniform design criterion, signifying its inferior
performance in high-dimensional modeling. The
performance of the mixture discrepancy in this ex-
periment is stronger than that of centered L ,-dis-
crepancy but is inferior to wrap-around L ,-discrep-
ancy. Weighted symmetrized centered L ,-discrep-
ancy with w = 0. 058—the weight from Theorem
4. 1—yields the smallest MSE. It demonstrates
that WSCD with proper weight possesses superior
properties in building statistical surrogate models
compared to the other discrepancies.

As weight w decreases from 0.5 to 0.01, the
MSE shows a trend of initially decreasing and then
increasing from Figure 3 (b). Therefore, it can be
concluded that reducing the weight w within a cer-
tain range in WSCD yields more desirable modeling
performance in high-dimensional scenarios. How-
ever,it’s important to note that a smaller w is not

invariably better. Beyond a specific threshold, its

overall performance will deteriorate conversely.

5 Conclusion and Future Work

This paper systematically investigates the

properties of the weighted symmetrized centered
discrepancy and proposes a method to choose the
proper weight for measuring uniform designs.
First,we review the fundamental theory of uniform
design, including the overall mean model and the
Koksma-Hlawka inequality, widely used discrepan-
cies such as star discrepancy and centered L ,-dis-
crepancy, reproducing kernel Hilbert space repre-
sentation of the generalized L,-discrepancy. and
point out the severe limitations of the centered L ,-
discrepancy under the curse of dimensionality.

To overcome this defect, WSCD is constructed
on the basis of the idea of symmetrization and
weighting parameters. Theoretical analysis indi-
cates that WSCD significantly alleviates the curse
of dimensionality inherent in CD. Through numeri-
cal experiments, we compare the performance of
WSCD with traditional discrepancy criteria such as
CD,WD,and MD in high-dimensional designs. The
experiments show that CD tends to contract the design
point set to the middle point in high dimensions, while
WSCD can better maintain space-filling properties and
resist the curse of dimensionality.

The weight parameter of WSCD provides a

mechanism to emphasize the uniformity of low-di-
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mensionalprojections. We proposed a method for
choosing weight for WSCD so that sub-discrepan-
cies corresponding to three-dimensional subspaces
or lower contribute to exceed 90% of the total dis-
crepancy. Furthermore, we present numerical ex-
periments for modeling the Morris function with
Gaussian process models and evaluate the predic-
tive performance of optimal designs based on dif-
ferent discrepancy criteria. The results show that
WSCD with our appropriately chosen weight can
achieve the best mean squared prediction error,
confirming its practical value in complex high-di-
mensional modeling.

Although this paper presents a preliminary
exploration of WSCD, several promising directions
deserve further investigation;

(1) Adaptive Weight Selection. While this paper
provides theoretical guidance for weight selection
based on the effect hierarchy principle,the optimal
may vary depending on the underlying model com-
plexity and experimental goals. Future work could
develop data-driven methods (e. g., cross-valida-
tion or Bayesian optimization) to adaptively select
based on the specific problem structure, thereby
improving the robustness and applicability of
WSCD.

(2) Comparison with Modern Design Crite-
ria. This study primarily compares WSCD with
traditional discrepancies such as CD, WD, and
MD. To further assess its practical value,future re-
search should extend comparisons to more recent
design criteria,including projection designs (which
emphasize low-dimensional uniformity)and Bayes-
ian optimization designs (which are tailored for ex-
pensive black-box functions) . Such comparisons
would provide a more comprehensive understand-
ing of WSCD'’s strengths and limitations.

(3) Efficient Optimization Algorithms for
WSCD. For high-dimensional designs, minimizing
WSCD directly is computationally challenging due

to the large number of projection subsets. Develo-

ping efficient optimization algorithms—such as
heuristic search (e. g. ,simulated annealing, genetic
algorithms ) combined with parallel computing
techniques—would significantly enhance the practi-
cal utility of WSCD-based designs. enabling their

application to larger-scale problems.

Conflict of Interests: The authors declare no

conflict of interest.

References

[1] L. He, H. Qin.and J. Ning. Weighted symmetrized cen-
tered discrepancy for uniform design[ J]. Communica-
tions in Statistics-Simulation and Computation,2022,51
(8):4509-4519.
https://doi. org/10. 1080/03610918. 2020. 1744063.

[2] C.F.J. Wu and Michael S. Hamada. Experiments: Plan-
ning, Analysis, and Optimization [ M]. John Wiley &
Sons, Hoboken, NJ,2nd edition,2011.

[3] K. T. Fang, C. X. Ma, and P. Winker. Centered L,-dis-
crepancy of random sampling and latin hypercube de-
sign,and construction of uniform designs[J]. Mathemat-
ics of Computation,2002,71(237) :275-296.
https://doi. org/10. 1090/s0025-5718-00-01281-3.

[4] Kai-Tai Fang. Min Qian Liu, Hong Qin.and Yong Dao
Zhou. Uniformity criteria. In Theory and Application of
Uniform Experimental Designs [ M ]. Springer, Singa-
pore,2018; pages 43-70.
https://doi. org/10. 1007/978-981-13-2041-5.

[5] Fasheng Sun, Yaping Wang,and Hongquan Xu. Uniform
projection designs [ J ]. Ann. Statist. , 2019, 47 (1)
641-661.
https://doi. org/10. 1214/18-a0s1705.

[6] Y. Xiao, H. Qin, K. Chatterjee,and L. Wang. Theory and
application of absolute discrepancy in experimental de-
signs[ M ]. Statistical Papers,2024:1-21.
https://doi. org/10. 1007/s00362-024-01617-2.

[7] F. J. Hickernell. A generalized discrepancy and quadra-
ture error bound[]]. Mathematics of computation,1998,
67(221):299-322.
https://doi. org/10. 1090/s0025-5718-98-00894-1.

[8] A. M. Elsawah and H. Qin. Lower bound of centered L,-

discrepancy for mixed two and three levels u-type de-



60

o [E B A B E R
Bulletin of Chinese Applied Mathematics

signs[ J]. Journal of Statistical Planning and Inference,
2015,161:1-11.
https://doi. org/10. 1016/j. jspi. 2014. 12, 007.

[9] K. T. Fang and C. X. Ma. Wrap-around L ,-discrepancy
of random sampling, latin hypercube and uniform de-
signs[J]. Journal of Complexity,2001,17(4) :608-624.
https://doi. org/10. 1006/jcom. 2001. 0589.

[10] Y. D. Zhou, K. T. Fang. and J. H. Ning. Mixture dis-
crepancy for quasi-random point sets[ ] ]. Journal of
Complexity,2013,29(3-4) :283-301.
https://doi. org/10. 1016/j. jco. 2012, 11. 006.

[11] C.D. Lin and B. Tang. Latin hypercubes and space-fill-
ing designs. In Handbook of design and analysis of ex-
periments[ M]. CRC Press,2015:593-625.
https://doi. org/10. 1201/b18619-27.

[12] B. Tang. Orthogonal array-based latin hypercubes[ ]].
Journal of the American Statistical Associations 1993,
88(424):1392-1397.
https://doi. org/10. 1080/01621459. 1993. 10476423.

[13] J. Dick and F. Pillichshammer. Digital nets and se-
quences: discrepancy theory and quasi-Monte Carlo in-
tegration [ J ]. Cambridge University Press, 2010
31-58.
https://doi. org/10. 1017/cbo9780511761188. 001.

[14] K. T. Fang,D. K. J. Lin, P. Winker,and Y. Zhang. Uni-
form design:theory and application[ J]. Technometrics,
2000,42(3) :237-248.
https://doi. org/10. 1080/00401706. 2000. 10486045.

[15] S. Liu, Y. Wang, and F. Sun. Two-dimensional projec-

tion uniformity for space-filling designs[J]. Canadian

Journal of Statistics,2023,51(1):293-311.
https://doi. org/10. 1002/cjs. 11686.

[16] F. J. Hickernell. Lattice rules: how well do they meas-
ure up? [CJ. In Random and quasi-random point sets,
pages 109-166. Springer, New York.NY.,1998.
https://doi. org/10. 1007/978-1-4612-1702-23.

[17] M. K oppen. The curse of dimensionality[ CJ. In 5th
Online World Conference on Soft Computing in Indus-
trial Applications (WSC5) ,volume 1,pages 4-8,2000.

[18] Erich Novak and Friedrich Pillichshammer. The L,-dis-
crepancy for finite p = 1 suffers from the curse of di-
mensionality[ J]. Proceedings of the American Mathe-
matical Society.2025,153(4) :1777-1784.
https://doi. org/10. 1090/ proc/17100.

[19] F. Pillichshammer. Tractability properties of the weigh-
ted star discrepancy of regular grids [J]. Journal of
Complexity.2018.46:103-112,
https://doi. org/10. 1016/j. jco. 2017. 12. 003.

[20] Kai-Tai Fang, Runze Li, and Agus Sudjianto. Design
and modeling for computer experiments[ M ]. Chapman
and Hall/CRC,2005.
https: //doi. org/10. 1201/9781420034899.

[21] H. Qin and K. T. Fang. Discrete discrepancy in factorial
designs[J]. Metrika,2004,60:59-72.
https://doi. org/10. 1007/s001840300296.

[22] H. Chen,]. L. Loeppky.,J. Sacks,and W. J. Welch. A-
nalysis methods for computer experiments: How to as-
sess and what counts? [J]. Statistical Science,2016,31
(1) :40-60.
https://doi. org/10. 1214/15-sts531.



QIU Zishuo et al. : Weight Selection and Properties of Weighted Symmetrized Centered Discrepancy 61

ESFm, o e

(L. JERUHE HL R 2 HA Bl 22 22 Be L JE R 1022065
2. BUE R R 28 0 T A LI & (U ATHE B R ~7) L 5T 102206)

B S B RTFEAALSLIR  Z 09 23 [ R B Oy s, S SRR T BRI A S Koks-
ma-Hlawka A5 Bt G932 M8 5 R A 22 2517 8 i Ferbob o A i 22 2 e W I R 1 AR . R
T o F A i 22 75 w8 AR TR 52 e B 52 06 72 1 B o B S0 7 AR R . B X I AR SCR GERESE T
IR B A i 22 (WSCD) & 12 i 22 75 FEAEAZMESL R ST AU 2500, 7T 3 il S 44 A4 12 B2 155 i 22 19 Jn
RO, B X AN B r o i 22 5 FAT 13— P A 2 Mok BT 3k o 08 G = 24 DA TN 3 3500 Ji 22 1) BT kR o L
s 22 89 90 6 LA b, i 22 3 AT 0He A9 48 280 07 )22 U it B A A8 b B AR AR A #5052 K 20 . L Morris BRI £ FLSE A
PR e J0 e R AR Ay I A AR ) RS S 8 2 W B G B A A i ASORS A H A fi 22 DG AL B2 B0 B £ Ty
R 28 W E AR T O A D 25 S A B P 22 . SRS TR M D A R 8 A M T T ELAT SRR T B D

KB 2 BT s O A 25 s P AR A% 5 o M i AR A

DOI: 10. 48014 /bcam. 20260313005

SIRAAET B M . A B o0 i 22 B9 A e 5 P AT S L0 ] v P B ad 4 2026, 4(2)
43-61.

Copyright © 2026 by author(s) and Science Footprint Press Co. , Limited. This article is open accessed
under the CC-BY License (http://creativecommons. org/licenses/by/4.0/).



